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of a clock based on the frequency of a strongly forbidden transition of Mg atom 

between metastable 3s3p(3P0) and ground 3s2 (1S0) states reported in the paper
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observation of the 1S0−3P0 transition and determination of the magic wavelength”, 
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Motivation:

High-precision measurement of the magic wavelength for an optical lattice

1. INTRODUCTION
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Cold-atom clocks: what for ?

• Cold-atom clock development

has made excellent progress

– Cold Cs microwave clock

(uncertainty ~ 2 x 10-16)

– Cold atom/ion clocks

(unc. as low as 6 x 10-18,

instability ~ 1 x 10-18)

• Scientific applications

– „Physics of clocks“

– Tests of the Equivalence Principle (on the ground, laboratory experiments)

– Tests of General Relativity (structure of space-time) → space missions

– Geophysics: determination of the geopotential

– Radio science

• Technical applications (spacecraft navigation in deep space: clocks/oscillators 

operated at deep space antenna sites)

Poli et al. (2013)
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Излучение черного тела
10
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«Clock»

transition

Typical structure of energy levels in alkaline-earth and alkaline-earth-like 

atoms (Mg, Ca, Sr, Zn, Cd, Hg, Yb)

Radiation transition between metastable 

and ground states, stimulated in odd 

isotopes by the hyperfine interaction, is 

strictly forbidden in even isotopes.

This restriction makes extremely narrow the 

line of the clock transition, 

which may be stimulated by an external 

magnetic field or by the circularly polarized 

lattice wave. This transition may be used as 

an oscillator with extremely high quality

The width        of the oscillator depends on 

(and may be regulated by)  the intensity of 

the lattice wave or the magnetic field.
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Natural isotope composition

Even isotopes Odd isotopes

(I=0)     abundance abundance (I≠0)
24,26Mg:    90% 25Mg:  10%   (I=5/2)
40→48Ca: 98.7% 43Ca:  1.3%   (I=7/2)
84,86,88Sr: 93% 87Sr:   7%      (I=9/2)
===========================================================

64→70Zn: 95.9% 67Zn:   4.1%    (I=5/2)
106→116Cd: 75% 111,113Cd:   25%     (I=1/2)
196→204Hg: 69.8%     199,201Hg: 30.2% (I=1/2,3/2)

============================================================

168→176Yb:  73%        171,173Yb:  27%  (I=1/2, 5/2)





Summary for higher-order 

contributions for Sr atoms
• 1. Polarizabilities. To calculate the M1 and E2 contributions to the polarizability , the 

magnetic dipole and electric quadrupole atom-field interactions should be taken into account 
together with the electric-dipole terms.

• Numerical estimates with the frequency , which  ()=0 gives

•  (M1)  (E2) 10^(-7)  (E1)  (H.Katori, M.Takamoto, Pal’chikov et al, PRL, 2003)

• 2. Hyperpolarizabilities. Hyperpolarizabilities of the clock states  at , which  ()=0, are:

•  (1S0)=6.310^6 a.u.

•  (3P0)=2.710^8 a.u.

• The relative contribution due to hyperpolarizabilities for the light shift  is about  510^-18

• at intensity 10 kW/cm^2

• 3. Anticrossing effect .

• Off-diagonal matrix element is not zero:

• <3P0! H(2)!3P2>-(tensor) a.u.

• A.Derevianko, W.Johnson, V.Pal’chikov et al, PRA, 1999

• 4. Spin-Spin mixing effect is very small

• (V.Pal’chikov, G.von Oppen, JETP, 1999; Physica Scripta, 1998)

• 5. Measurement for the magic  wavelength:

•  = 813.4 nm ( H.Katori et al, Nature, 2005, 435, 321)

• and frequency 429 228 004 229 875.3(3.8) Hz(H.Katory et al,J.Phys.Soc,Jpn, 2006)

• 6. Theory for the magic wavelength:

•  = 808.9 nm ( in press)

• 7. BBR effect.    (BBR)/ (0) -5.510^(-15)

• A.Derevianko and S.Porsev (to be published)



General formulations for ac Stark effect

Finally, the light shift may be expressed in a 
form

Depending on the frequency and 
polarization of the laser field . 

1. N.L. Manakov, V.D. Ovsiannikov, and L.P. 
Rapoport, Phys. 

Reports 141, 319(1986).
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electric- and magnetic-field vectors in a traveling wave are on-phase
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As follows from the Maxwell’s equations,
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2. Optical lattice

Mean temporal distributions of electric- and magnetic-field energies in a traveling 

wave are space-uniform (independent of position)

instantaneous mean temporal and spatial
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Electric- and magnetic-field vectors in a standing wave are a quarter-period off-phase
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Therefore, the mean temporal distributions of electric- and magnetic-field energies 

in a standing wave are space-dependent and also a quarter-period off-phase 
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2a) Spatial distribution of atom-lattice interaction



Новосибирск, Физика 

ультрахолодных атомов, 

Декабрь -2016 

19

(2) (4)

( ) ( ) ( )( ) ( ) ( ) ...latt

g e g e g eE X E X E X   

(2) † †

( )
ˆ ˆ ˆ ˆ( ) ( ) ( ) ( ) ( ) ( ) ( )g eE X g e V X G V X V X G V X g e    

 1 2 2

( ) ( )( )cos ( ) ( )sin ( )E qm

g e g ekX kX I     

1

( )

2 1

( ) ( ) ( )

2

0

where ( ) is the dipole polarizability; ,  the Green's function.
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The Stark-effect energy shift induced by the atom-lattice interaction is
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2b) Lattice potential wells.
The clock-level shift  is the lattice-trap potential energy, which consists of the wells 

separated π/k=λ/2 from each other. Atoms locate near their equilibrium positions at the 

well bottoms. Assuming the departure of atom from the bottom X<<1/k = λ/2π, the

energy of atom-lattice interaction may be presented, as follows

( ) 2 ( ) 4

( ) ( ) ( ) ( ) ( )( ) ( ) ;latt latt harm anh

g e g e g e g e g eE X U X D U X U X     

1 2

( ) ( ) ( )

2
( ) 2 2

( ) ( ) ( )

4
( ) 2

( ) ( ) ( )

( , , ) ( ) ( , ) ,  depth

( , , )
( ) 2 ( , ) ,

2

( , , ) ( ) 5 ( , )
3

E

g e g e g e

harm dqm

g e g e g e

anh dqm

g e g e g e

D I I I

I
U I I k

k
U I I I

      

 
    

      

  


    

   

at
M

1

( ) ( ) ( )( ) ( ) ( )dqm E qm

g e g e g e      



Новосибирск, Физика 

ультрахолодных атомов, 

Декабрь -2016 

2121

( ) ( )

ˆ
ˆ ˆ( ), ;

2

at latt

g e g eX U X i
X


  



2

at

at

at

P
H ( )= P

M

( ) ( )
ˆ

n n

at vib
g e g e

X X X ( ) ( )= ( )H E

2

( ) ( ) ( ) ( )

1 1
( , , , ) ( , , ) ( , , ) ( , , )

2 2

vib anh

g e g e g e g eI n D I I n I n n       
   

        
   

E -E

depth harmonic oscillations anharmonic energy

( )

( )

( )

3 ( , )
( , , ) 1 ;

2 ( )

rec
g eanh

g e dqm

g e

I
I

  
 

 

 
  

  

E
E

2

22

rec

t
c




at
M

E is the recoil energy of a lattice photon

The clock-level energies include the energies               of atomic motion in the lattice 

well, determined from the Schrödinger equation
( )

vib
g e
E

of the Hamiltonian
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The magic-wavelength (MWL) condition implies the equality

To hold this condition, the equalities should hold for the following ground-state (g) and 

excited-state (e) susceptibilities:

The most important of which is the E1 polarizability, so the primitive MWL condition implied

1 1( ) ( )E E

e mag g mag   
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The Fues’ model-potential approach evaluates the magic wavelength at 
1 471.6 nmE

mag 

 1 2( ) kHz/(kW/cm )E 

 (nm)

Dipole polarizabilities of the clock ground (red dashed) and excited (green bold) states of Mg atom
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Assuming the lattice laser frequency

1 1 1 1 1( ) ( )E E E E E

g mag e mag m     

1E

mag    ,    where the magic frequency 1E

mag

is determined from equalization of the E1 polarizabilities of the clock states,

The coefficients for the lattice-induced shift are presented in terms of the clock-state 

susceptibilities, as follows
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3. Numerical values of electromagnetic susceptibilities  at

Table 1
mag

 THzclock
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 kHzrecE

 0 HzBBR

Atom Mg Ca Sr Yb Zn Cd Hg

(nm) 468.46 747 813.43 759.36 406.5 414.4 362.57

655 455 429 518 969 903 1129

17.5 48.0 45.2 40.5 8.11 9.76 5.70

5.48 – 2.0 − 6.20 – 8.06 15.3 5.86 8.25

111+

5.88i
497 – 200.0 – 312

– 4.3

+1.64i

– 5.47

+2.02i

– 2.67

+0.82i

1735+  

8.69i
1024 – 311.0 238

42.6

+2.45i

19.5

+3.01i

0.94

+1.21i

51.5 41.4 25.05 18.0 24.1 19.9 13.1

0.420 0.273 0.254 0.720 0.187 0.200 0.134

37.9 8.94 3.47 2.00 17.9 10.14 7.57

– 0.424 – 0.64 – 2.13 – 1.25 – 0.23 – 0.22 – 0.188

1E

mag
4

0( ) ( / 300 K)BBR BBRT T   The constant in the last line gives the value of the BBR-induced shift:
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ATOM Mg Sr Yb Hg

c1/2, 

mHz(kW/cm2)-1/2
–4.03 0.86 0.19 – 4.75

c1 (ξ=0), 

mHz(kW/cm2)-1

– 0.18 –

0.0096i 0.0115 0.0116
0.00266 –

0.00082i

c1 (ξ=±1), 

mHz(kW/cm2)-1

– 2.82 –

0.0141i 0.0179 -0.0088
–0.000936 –

0.00121i

c3/2 (ξ=0), 

mHz(kW/cm2)-3/2

0.163 +

0.0087i – 0.055 –0.069
–0.00308 + 

0.00095i

c3/2 (ξ=±1), 

mHz(kW/cm2)-3/2

2.55 +

0.0128i – 0.086 0.053
0.00108 + 

0.00139i

c2 (ξ=0),
mHz(kW/cm2)-2

– 0.111  –

0.006i 0.20 0.312
0.00267 –

0.00082i

c2 (ξ=±1),
mHz(kW/cm2)-2

– 1.73 –

0.0087i 0.311 –0.238
–0.00094 –

0.00121i

Coefficients for the lattice-induced shift dependence on the laser intensity

Table 2
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Dependence on the lattice-laser intensity of the clock-frequency shift in Mg 

atoms for positive (a) and negative (b) detuning of the laser frequency from 

the magic frequency 
1E

mag

(a): 0 (red solid), 1 MHz (blue dotted)

      and 2 MHz (black dashed line)

 

(b): 20 (red solid), 20.5 MHz (blue dotted)

      and 21 MHz (black dashed line)

   



2 (kW/cm )I

2 (kW/cm )I

(mHz) (mHz)
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Dependence on the lattice-laser intensity of the clock-frequency shift in Mg atoms at a 

most appropriate detuning                             for ensuring the least deviations of the shift

2 (kW/cm )I

(mHz)

1E

mag   

44.54 (red solid),  44.56 (blue dotted)

      and  44.58 MHz (black dashed line)
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2.41 (red solid),  2.42 (blue dotted)

      and  2.43 MHz (black dashed line)

 



   

 

Dependence on the intensity of magic-elliptically polarized lattice-laser radiation of 

the clock-frequency shift in Hg atoms for a negative (b) detuning                           of 

the laser frequency         from the magic frequency 1E

mag

1E

mag   


(mHz)

2 (kW/cm )I
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The clock-frequency shift of Cd atoms as a function of the lattice-laser intensity for linear 

(red bold line), magic elliptical (blue dotted) and circular (black dashed) polarization of 

the lattice-laser wave

(mHz)

2 (kW/cm )I
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The clock-frequency shift of Cd atoms as a function of the lattice-laser intensity for the magic 

elliptical polarization of the laser wave and the laser-frequency detuning from           :

(a)              900 (red solid curve),               905 (green dotted) and                  910 kHz  (black 

dash-dotted);

(b)              790 (red solid curve),               800 (green dotted) and                     810 kHz (black 

dash-dotted).               

1E

mag

        

        

(mHz) (mHz)

2 (kW/cm )I
2 (kW/cm )I

(a) (b)
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Thanks for your attention!


