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Ïîñòàíîâêà çàäà÷è

Òèï çàäà÷è ÏÇ ÎÇ1 ÎÇ2

Âçàèìîäåéñòâèÿ ì/ó àòîìàìè U0 + + +

×àñòîòû ëîâóøêè ωx , ωy , ωz + ? +

×èñëî ÷àñòèö â êîíäåíñàòå + + ?

Ðàçìåðû (øèðèíû) êîíäåíñàòà Qx ,Qy ,Qz ? + +
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Ïîñòàíîâêà çàäà÷è

Òðåõìåðíîå óðàâíåíèå ÃÏ â ôèçè÷åñêèõ ïåðåìåííûõ

Äëÿ èçó÷åíèÿ ñâîéñòâ êîíäåíñàòà Áîçå�Ýéíøòåéíà ðàññìàòðèâàåòñÿ
óðàâíåíèå Ãðîññà�Ïèòàåâñêîãî

i~
∂ψ(r, t)

∂t
= − ~

2m
∇2ψ(r, t) + V (r)ψ(r, t) + U0|ψ(r, t)|2ψ(r, t), (1)

ñ íîðìèðîâêîé ∫
R3

|ψ(r, z , t)|2drdz = N,

ãäå ψ(r, z , t), r = (x , y), � âîëíîâàÿ ôóíêöèÿ êîíäåíñàòà,
V (r, z) � ãàðìîíè÷åñêèé (èëè áîëåå îáùèé) ïîòåíöèàë ëîâóøêè,
~ � ïîñòîÿííàÿ ïëàíêà, m � ìàññà àòîìà, a � äëèíà ðàññåÿíèÿ
s-âîëíû, U0 = 4π~2a/m � âçàèìîäåéñòâèå ìåæäó àòîìàìè,
ωx , ωy , ωz � òàêòîâûå ÷àñòîòû â ñîîòâåòñòâóþùèõ íàïðàâëåíèÿõ.
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Ïîñòàíîâêà çàäà÷è

Òðåõìåðíîå óðàâíåíèå ÃÏ â áåçðàçìåðíûõ ïåðåìåííûõ

Ââîäÿ íîâûå ïåðåìåííûå, ìîæíî ïðèâåñòè óðàâíåíèå (1) ê
áåçðàçìåðíîìó âèäó:

iε
∂ψ(r, z , t)

∂t
= −ε

2

2
∇2ψ(r, z , t)+V (r, z)ψ(r, z , t)+k |ψ(r, z , t)|2ψ(r, z , t),

(2)

ñ îãðàíè÷åíèåì

∫
R3

|ψ(r, z , t)|2drdz = 1, V (r, z) =
1

2

[
x2 + γyy

2 + γzz
2
]
.

Êîýôôèöèåíòû ε, k óðàâíåíèÿ (2) îïðåäåëÿþòñÿ êîëè÷åñòâîì ÷àñòèö N â

êîíäåíñàòå.

Ìîæíî ñôîðìóëèðîâàòü äâå çàäà÷è:
1) ïðÿìàÿ çàäà÷à íàõîæäåíèÿ âîëíîâîé ôóíêöèè êîíäåíñàòà ïðè
çàäàííûõ êîýôôèöèåíòàõ óðàâíåíèÿ (ò.å. çàäàííûõ ïàðàìåòðàõ
óäåðæèâàþùåé ëîâóøêè è ÷èñëå ÷àñòèö);
2) îáðàòíàÿ çàäà÷à íàõîæäåíèÿ âñåõ êîýôôèöèåíòîâ óðàâíåíèÿ ïî
çàäàííûì ïàðàìåòðàì êîíäåíñàòà (øèðèíàì, ÷èñëó ÷àñòèö).
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Ïîñòàíîâêà çàäà÷è

Ðåäóêöèÿ ê äâóìåðíîìó ñëó÷àþ

Äëÿ äèñêîïîäîáíîãî êîíäåíñàòà ñ ÷àñòîòàìè
ωx ≈ ωy , ωz � ωx ,⇔ γy ≈ 1, γy � γz (µ <

√
~ωz), ðåøåíèå ïîëíîãî

òðåõìåðíîãî óðàâíåíèÿ ÃÏ (2) ìîæíî ïðåäñòàâèòü â âèäå
ïðîèçâåäåíèÿ äâóõ ôóíêöèé

ψ(x , y , z , t) = ψ2D(x , y , t)ψz(z , t),

ãäå

ψz(z , t) =
γ
1/4
z

π1/4ε
exp(−γzz2/2ε),

à ψ2D(x , y , t) íàõîäèòñÿ êàê ðåøåíèå äâóìåðíîãî óðàâíåíèÿ

iε
∂ψ2D
∂t

= −ε
2

2
∇2ψ2D + V (x , y)ψ2D + k

√
γz
2πε
|ψ2D |2ψ2D , (3)

ãäå V (x , y) =
1

2

[
x2 + γ2yy

2
]
.
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Ïîñòàíîâêà çàäà÷è

Ìàòåìàòè÷åñêàÿ ìîäåëü íà îñíîâå äâóìåðíîãî

óðàâíåíèÿ ÃÏ

Ðàññìàòðèâàåòñÿ äâóìåðíîå óðàâíåíèå Ãðîññà�Ïèòàåâñêîãî â
áåçðàçìåðíîì âèäå

i
∂ψ(r, t)

∂t
= − s

2
∇2ψ(r, t) + V (r, t)ψ(r, t) + σ|ψ(r, t)|2ψ(r, t), (4)

ãäå ψ(r, t), r = (x , y), � âîëíîâàÿ ôóíêöèÿ êîíäåíñàòà, ïîòåíöèàë
ëîâóøêè

V (r) =
1

2
(γ2xx

2 + γ2yy
2),

ñ íîðìèðîâêîé

N =

∫
R2

|ψ(r, t)|2dr = 1. (5)

(Äëÿ ñâåäåíèÿ ýòîãî óðàâíåíèÿ ê óðàâíåíèþ (3) äîñòàòî÷íî ïðîâåñòè
çàìåíó: t → tε, s → ε2, σ → k

√
γz/2πε, γx → 1, γy → γy ).
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×èñëåííîå ðåøåíèå óðàâíåíèÿ ÃÏ

Ïîèñê ñòàöèîíàðíîãî ðåøåíèÿ, ñîîòâåòñòâóþùåãî

ìèíèìóìó ýíåðãèè ñèñòåìû: ñõåìà ðåøåíèÿ

Ñòàöèîíàðíîå ðåøåíèå óðàâíåíèÿ (4) áóäåì èñêàòü â âèäå

ψ(r, t) = ϕ(r) exp(−iµt),

ãäå µ � õèìè÷åñêèé ïîòåíöèàë ñèñòåìû, êîòîðûé îïðåäåëÿåòñÿ êàê

µ[ψ] =

∫
R3

[ε
2
|∇ψ(r, t)|2 + V (r)|ψ(r, t)|2 + k2|ψ(r, t)|4

]
dr =

= H[ψ] +

∫
R3

k2|ψ(r, t)|4

2
dr, H[ψ] � ãàìèëüòîíèàí ñèñòåìû.

Ïîäñòàâëÿÿ ýòî ïðåäñòàâëåíèå â óðàâíåíèå (4), ïîëó÷àåì

µϕ(r) = − s

2
∇2ϕ(r) + V (r)ϕ(r) + σ|ϕ(r)|2ϕ(r),

ñ íîðìèðîâêîé

∫
R2

|ϕ(r)|2dr = 1. (6)
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×èñëåííîå ðåøåíèå óðàâíåíèÿ ÃÏ

Äëÿ íàõîæäåíèÿ ñòàöèîíàðíîãî ñîñòîÿíèÿ êîíäåíñàòà,
ñîîòâåòñòâóþùåãî ìèíèìàëüíîé ýíåðãèè ñèñòåìû, ïðèìåíÿåòñÿ
ñëåäóþùèé ÷èñëåííûé àëãîðèòì íà óñòàíîâëåíèå. Â óðàâíåíèè (4) t
çàìåíÿåòñÿ íà −it, à ψ íà ϕ, è çàòåì ðåøåíèå èùåòñÿ ñëåäóþùèì
îáðàçîì.
Ñíà÷àëà íà èíòåðâàëå [tn, tn+1], n > 0, ÷èñëåííî ðåøàåòñÿ óðàâíåíèå

∂ϕ̃(r, t)

∂t
=

s

2
∇2ϕ(r, t)− V (r)ϕ(r, t)− σ|ϕ(r, t)|2ϕ(r, t),

tn < t < tn+1,

(7)

çàòåì ïðîèñõîäèò ïîïðàâêà ðåøåíèÿ

ϕ(r, tn+1) =
ϕ̃(r, tn+1)

||ϕ̃(r, tn+1)||L2
,

÷òîáû óäîâëåòâîðèòü îãðàíè÷åíèþ (6). Ïðîöåññ ïðîäîëæàåòñÿ äî
óñòàíîâëåíèÿ.
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Âàðèàöèîííûé ïîäõîä

Âàðèàöèîííàÿ ïîñòàíîâêà

Äëÿ óðàâíåíèÿ (4) èìååì äåéñòâèå

S =

∞∫
−∞

∫
R2

(
i

2
ψ̄(r, t)

∂ψ(r, t)

∂t
− i

2
ψ(r, t)

∂ψ̄(r, t)

∂t

)
dr −H

 dt, (8)

ãäå ãàìèëüòîíèàí H =

∫
R2

[ s
2
|∇ψ(r, t)|2 + V |ψ(r, t)|2 +

σ

2
|ψ(r, t)|4

]
dr.

Ââåäåì ïðåäñòàâëåíèå

ψ(r, t) = B(r, t) exp(iθ(r, t)), (9)

ãäå B è θ - âåùåñòâåííûå ôóíêöèè. Òîãäà

S = −
∞∫
−∞

[∫
B2∂θ

∂t
dr+H

]
dt, H =

∫
R2

[ s
2
|∇θ|2B2+

s

2
|∇B|2+VB2+

σ

2
B4
]
dr.
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Âàðèàöèîííûé ïîäõîä

Ïðèáëèæåííàÿ ñèñòåìà

Áóäåì ðàññìàòðèâàòü ïîòåíöèàë V (r) ñèììåòðè÷íûé îòíîñèòåëüíî
îòðàæåíèé îò êîîðäèíàòíûõ îñåé, ïîýòîìó â ïðåäñòàâëåíèè ôóíêöèè
θ(r, t) è B2(r, t) âîçüìåì òàêæå ñèììåòðè÷íûå ôóíêöèè. Äëÿ ôàçû
âîçüìåì ïåðâûå ÷ëåíû ðàçëîæåíèÿ â ðÿä Ìàêëîðåíà

θ(r, t) = θ0(t) + θx(t)x2 + θy (t)y2.

Ïîñòàâëÿÿ ýòîò ðÿä â ôîðìóëó äâèæåíèÿ S , ïîëó÷èì

S = −
∞∫
−∞

[
M0

∂θ0
∂t

+ Mx
∂θx
∂t

+ My
∂θy
∂t

+H
]
dt, (10)

ãäå Mx , My îáîçíà÷àþò âòîðûå ìîìåíòû ôóíêöèè B2

Mx =

∫
x2 B2 dr, My =

∫
y2 B2 dr, M0 =

∫
B2 dr.
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Âàðèàöèîííûé ïîäõîä

Ïðÿìàÿ çàäà÷à

Ïðÿìàÿ çàäà÷à íàõîæäåíèÿ ñòàöèîíàðíîãî ñîñòîÿíèÿ ñîñòîèò â
îïðåäåëåíèè ñòàöèîíàðíîãî ñîñòîÿíèÿ Qx =

√
Mx , Qy =

√
My ïî

çàäàííûì ïàðàìåòðàì çàäà÷è: γx , γy , s, σ. Ïàðàìåòðû C0, Cx , Cy

çàäàþòñÿ ôîðìîé ïðîáíîé ôóíêöèè.
Äëÿ íàõîæäåíèÿ ñòàöèîíàðíîãî ðåøåíèÿ óðàâíåíèÿ (4) äîñòàòî÷íî â
óðàâíåíèÿõ äâèæåíèÿ ïðèðàâíÿòü íóëþ ïðîèçâîäíûå ïî âðåìåíè, ò.å.
äëÿ øèðèí Qx è Qy ïîëó÷àåì ñëåäóþùóþ ñèñòåìó àëãåáðàè÷åñêèõ
óðàâíåíèé

− γ2xQx +
sCx

Q3
x

+
σ

2

C0

Q2
xQy

,= 0, (11)

− γ2yQy +
sCy

Q3
y

+
σ

2

C0

QxQ2
y

= 0. (12)

×èñëåííî ðåøàÿ ýòè óðàâíåíèÿ äëÿ Qx è Qy , ïîëó÷èì ñòàöèîíàðíûå
çíà÷åíèÿ Qst

x , Q
st
y . Ïîäñòàâëÿÿ ýòè çíà÷åíèÿ â âûáðàííóþ ïðîáíóþ

ôóíêöèþ, ìû è íàéäåì èñêîìîå ñòàöèîíàðíîå ðåøåíèå.
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Âàðèàöèîííûé ïîäõîä

Îáðàòíàÿ çàäà÷à: íàõîæäåíèå ïàðàìåòðîâ ëîâóøêè

Îáðàòíàÿ çàäà÷à ñîñòîèò â îïðåäåëåíèå ïàðàìåòðîâ γx , γy , s, σ ïî
çàäàííûì Qx è Qy ïðè ôèêñèðîâàííîì M0 = 1.
Äëÿ ñòàöèîíàðíîãî ðåøåíèÿ ñèñòåìà (11)-(12) ïðåîáðàçóåòñÿ ê âèäó

(
γ2x

γ2y

)
=


C1

Q4
x

C0

2Q3
xQy

C2

Q4
y

C0

2QxQ3
y


(

s
σ

)
(13)

è äàåò ëèíåéíóþ ñâÿçü ìåæäó γ2x , γ
2
y è s, σ.

Ñèñòåìó (13) óäîáíî èñïîëüçîâàòü äëÿ âû÷èñëåíèÿ ïàðàìåòðîâ
ëîâóøêè γx è γy ïî ïàðàìåòðàì óðàâíåíèÿ s è σ è øèðèíàì
êîíäåíñàòà Qx è Qy .
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Âàðèàöèîííûé ïîäõîä

Îáðàòíàÿ çàäà÷à: íàõîæäåíèå ïàðàìåòðîâ óðàâíåíèÿ s, σ

Åñëè çàäàòü ïàðàìåòðû ëîâóøêè γx , γy è øèðèíû êîíäåíñàòà Qx , Qy ,
òî ïàðàìåòðû s è σ íàõîäÿòñÿ èç ôîðìóë

s =
Q2

xQ
2
y

(
γ2yQ

2
y − γ2xQ2

x

)
C2Q2

x − C1Q2
y

, σ = 2
QxQy

(
C2γ

2
xQ

4
x − C1γ

2
yQ

4
y

)
C0

(
C2Q2

x − C1Q2
y

) . (14)

Ïîñêîëüêó ìû ðàññìàòðèâàåì s, σ > 0 è ñ÷èòàåì, ÷òî γy ≥ γx , òî
èìååì óñëîâèå íà ñîîòíîøåíèå øèðèí

γ2x
γ2y
≤

Q2
y

Q2
x

≤

√
Cy

Cx

γx
γy
.

Ìèíèìàëüíîå ñîîòíîøåíèå äîñòèãàåòñÿ ïðè óñëîâèè

γ2yQ
2
y = γ2xQ

2
x (ñîîòâåòñòâóåò ðåæèìó Òîìàñà�Ôåðìè ïðè s = 0).

Ìàêñèìàëüíîå ñîîòíîøåíèå øèðèí äîñòèãàåòñÿ ïðè óñëîâèè

Cyγ
2
xQ

4
x = Cxγ

2
yQ

4
y (ñîîòâåòñòâóåò ëèíåéíîìó ðåæèìó ïðè σ = 0).
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Âàðèàöèîííûé ïîäõîä

Óðîâåíü íåëèíåéíîñòè

Ââåäåì ïàðàìåòð ν äëÿ îòíîøåíèÿ ëèíåéíîé l è íåëèíåéíîé n ÷àñòåé
ãàìèëüòîíèàíà

ν =
l

n
=

(γ2yQ
2
y − γ2xQ2

x )(CyQ
2
x + CxQ

2
y )

2(Cyγ2xQ
4
x − Cxγ2yQ

4
y )

. (15)

Ýòà ôîðìóëà ïîçâîëÿåò ïî ïîëîæèòåëüíûì ïàðàìåòðàì γx , γy è ïî
ïîëîæèòåëüíîìó óðîâíþ íåëèíåéíîñòè ν è çíà÷åíèþ Qx îïðåäåëèòü
îäíîçíà÷íóþ ïîëîæèòåëüíóþ âåëè÷èíó Qy . Äàëåå ïî (14) ìîæíî
îïðåäåëèòü s è σ (êîýôôèöèåíòû C0, Cx è Cy îïðåäåëÿþòñÿ èç âèäà
ïðîáíîé ôóíêöèè).
Âåëè÷èíà íåëèíåéíîñòè äèêòóåò âûáîð ïðîáíîé ôóíêöèè. Äëÿ ñðåäíåé
íåëèíåéíîñòè ν = 1 â êà÷åñòâå ïðîáíîé ôóíêöèè âûáåðåì ãàóññîâó
ôóíêöèþ ñ ñîîòâåòñòâóþùèìè C0 è Cx . Äëÿ ñèëüíî íåëèíåéíîãî
ñëó÷àÿ, êîãäà âåðíî ïðèáëèæåíèå Òîìàñà�Ôåðìè, âîçüìåì
ñóïåðãàóññîâó ôóíêöèþ â êà÷åñòâå ïðîáíîé.
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Âàðèàöèîííûé ïîäõîä

Ïðîáíûå ôóíêöèè

Ôóíêöèÿ Ãàóññà: φ(x , y , 0) =
1√

2πQxQy

exp

(
− x2

4Q2
x

− y2

4Q2
y

)
.

Ôóíêöèÿ Ñóïåð-Ãàóññ: φ(x , y , 0) =
√
fG (x , y), ãäå

fG (x , y) =
1

4πQxQy

Γ(4k + 1)

Γ2(2k + 1)
exp

−
(
1

2

√(
x2

Q2
x

+
y2

Q2
y

)
Γ(4k + 1)

Γ(2k + 1)

) 1
k

 ,

à k∗ = 0.28.
Âåëè÷èíû Qx è Qy èç âàðèàöèîííîé ïîñòàíîâêè â íàøåì ñëó÷àå
ñîîòâåòñòâóþò øèðèíàì â øèðîêîèñïîëüçóåìîì ñìûñëå:

Qx = σx =
√
〈(x − 〈x〉)2〉, Qy = σy =

√
〈(y − 〈y〉)2〉,

ãäå
〈f (x)〉 ≡

∫
X2

f (x)|ψ(x, t)|2dx.
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Ðåçóëüòàòû

Ñðàâíåíèå: ÷èñëåííûé è âàðèàöèîííûé ïîäõîäû

Ðèñ.: Ïîâåäåíèå ïðîôèëåé ïëîòíîñòè ðåøåíèÿ |ψ(x , y)|2 = |φ(x , y)|2 äëÿ
ñðåäíåñèëüíîé íåëèíåéíîñòè: (l/n)G = 1

Òèï ðåøåíèÿ Qx = σx Qy = σy H µ Èòåð.

Âàð. Ãàóññ 1.000 0.625 2.561 3.202 438

Ãàóññ 0.774 0.548 2.742 3.686 755

Ñóïåð�ãàóññ 0.999 0.638 2.624 3.193 487

Òîìàñ�Ôåðìè 0.918 0.459 5.100 5.944 722

×èñë. ðåøåíèå 0.996 0.623 2.543 3.158

Òàáëèöà: Ñðåäíåñèëüíàÿ íåëèíåéíîñòü: ν = (l/n) = 1
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Ðåçóëüòàòû

Ðèñ.: Ïîâåäåíèå îòíîñèòåëüíîé îøèáêè ïî øèðèíàì: errQ1
(ñëåâà) è errQ2

(ñïðàâà) ïðè ðàçíûõ ïàðàìåòðàõ íåëèíåéíîñòè

Ðèñ.: Ïîâåäåíèå îòíîñèòåëüíîé îøèáêè ãàìèëüòîíèàíà errH (ñëåâà) è
õèìè÷åñêîãî ïîòåíöèàëà errµ (ñïðàâà) ïðè ðàçíûõ ïàðàìåòðàõ íåëèíåéíîñòè
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Ðåçóëüòàòû

Âûâîäû

Â ðàìêàõ âàðèàöèîííîãî ïîäõîäà ïðåäëîæåí àëãîðèòì, ïîçâîëÿþùèé
ðåøàòü íå òîëüêî ïðÿìóþ çàäà÷ó íàõîæäåíèÿ ðåøåíèÿ ïî çàäàííûì
êîýôôèöèåíòàì óðàâíåíèÿ, íî è îáðàòíóþ çàäà÷ó âîññòàíîâëåíèÿ
êîýôôèöèåíòîâ óðàâíåíèÿ ïî íåêîòîðûì ïàðàìåòðàì ýêñïåðèìåíòà.
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Ôèçèêà óëüòðàõîëîäíûõ àòîìîâ Íîâîñèáèðñê, 19 äåêàáðÿ � 21 äåêàáðÿ 2016 ã.

Ñïàñèáî çà âíèìàíèå!
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